DETERMINING LOCAL SINGULARITY STRENGTHSAND THEIR SPECTRA
WITH THE WAVELET TRANSFORM

ZBIGNIEW R. STRUZIK
Cente for Mathematicsand ComputerSciencg CWI)
Kruislaan413,1098SJAmstedam
TheNetherlands
E-mail: Zbi gni ew. Struzi k@wi . nl

Abstract

We presentirobustmethodof estimatingheeffective strengthof singularitiegthe
effective Holderexponent)locally at anarbitraryresolution. The methodis motivated
by the multiplicative cascadg@aradigmandimplementedn the hierarchyof singular
ities revealedwith the wavelettransformmodulusmaximatree. In addition,we illus-
tratethe directestimationof the scalingspectrunmof the effective singularitystrength,
andwe link it to the establishedartition function basedmultifractal formalism. We
motivate both the local and the global multifractal analysisby shaving examplesof
computemgeneratedndreallife time series.

1 Intr oduction

The wavelettransform(modulusmaxima)basedmultifractal formalismdevelopedby Ar-
neodoetal in theearlynineties 2 hasalmostreachedhe statusof a standardlt hasbeen
extensiely usedo testmary naturalphenomenandhascontributedto substantiaprogress
in eachdomainin which it hasbeenapplied®*:5:6. Neverthelesghe respectie partition
function basedmethodologyis intrinsically statisticalin nature. It providesonly global
estimatef scaling(of the momentsof relevantquantity). While this is oftena required
property thereare casesvhenlocal informationaboutscalingprovidesmorerelevantin-
formationthanthe global spectrum.This is particularlytruefor time serieswherescaling
propertiesare non-stationarywhetherit be dueto intrinsic changesn the signalscaling
characteristicer evenboundaryeffects. In additionto this, theweightedsingularityselec-
tion providedby themomentdn the partitionfunctionmethodalsoleadsto the smoothing
of the obtainedsingularity spectra. This canhide interestingandrelevantinformationin
the shapeof the spectrum. This informationcan be accessedvhenthe spectrumof the
singularstructuress evaluateddirectly from the histogramsf the singularitystrength.In
atraditionalsetting,the estimationof bothlocal singularitystrengthsandtheir spectrahas
the problemof beingvery unstableandproneto grossnumericalerrors.

However, with the helpof thewavelettransformmultiscaledecompositiorwe areable
to provide stableproceduregor boththe local exponentandits global spectrum.In par
ticular, we addresshe problemof the estimationof the local scalingexponentthroughthe
paradigmof the multiplicative cascadeWe revealthe hierarchyof the scalingbrancheof
the cascadavith the wavelet transformmodulusmaximatree,which hasprovento be an
excellenttool for the purposé-’. Contraryto the intrinsically unstabldocal slopeof the
maximalines, this estimates robustand providesa stable effective singularity strength,
localin scaleandposition- the effective Holder exponentestimaté. Fromthis we make
anattempto derive themultifractalspectradirectly from log-histogranscalingevaluation,
linking the local analysiswith the global multifractal spectraapproach.Almost asstable

1



asthe global scalingestimatesrom the partitionfunction method the direct histogramof
the effective singularity strengthprovides considerablymore informationaboutthe rela-
tive densityof local scalingexponentsandit may prove to be aninterestingalternatve in
multifractal spectraestimation.

Thestructureof the paperis asfollows. In section2, we focuson therelevantaspects
of thewavelettransformationin particularthe ability to characterisscale-fredbehaiour
throughthe Holder exponent. Togetherwith the hierarchicalscale-wisedecomposition
providedby thewavelettransform thiswill enableusto revealthe scalingpropertieof the
tree of the multiplicative cascadingprocess.In section3, we introducea technicalmodel
enablingusto estimatehe scale-freecharacteristigthe effective Holderexponent)for the
brancheof sucha process.In section4, we usethe derived effective Holder exponent
for the local temporaldescriptionof the time seriescharacteristicat a given resolution
(scale).Thisis followedby ananalysiof distributionsof local h andthe (scaling)evolution
of the log-histogramandits relationto the standardpartition function basedmultifractal
formalism. We motivate both the local and multifractal analysisby shaving examples
of generatechndreal life time series. Section5 closesthe paperwith conclusionsand
suggestion$or future developments.

2 Continuous Wavelet Transform and its Maxima Usedto Reveal the Structur e of
the Time Series

The recentlyintroducedWavelet TransformationWT), %-'° providesa way of analysing
the local behaviour of functions. In this, it fundamentallydiffers from globaltransforms
like the FourierTransformationln additionto locality, it possesseheoftenverydesirable
ability of filtering the polynomialbehaiour to somepredefinediegree. Therefore correct
characterisationf time serieds possiblejn particularin thepresencef non-stationarities
like globalor local trendsor biases.Oneof the mainaspect®f the WT which is of great
adwantagefor our purposes the ability to revealthe hierarchy of (singular)features,n-
cludingthe scalingbehaiour.?

Conceptuallythe wavelettransformatioris a corvolution productof the time series
with the scaledandtranslateckernel- the wavelet«(z), usuallyan — th derivative of a
smoothingkernelé(z). Usually, in theabsencef othercriteria, the preferredchoiceis the
kernelwhichis well localisedbothin frequeng andposition. In this report,we chosethe
Gaussiaf(z) = exp(—z?/2) asthe smoothingkernel,which hasoptimallocalisationin
bothdomains.

Thescalingandtranslatioractionsareperformecdby two parametershe scaleparam-
eters ‘adapts’the width of the waveletkernelto the microscopicresolutionrequired thus
changingts frequeng contentsandthelocationof theanalysingvaveletis determinedy
theparameteb:

r—0b

oo
Wiy =1 [ do i@ e, ®
B —0o0
wheres, b € R ands > 0 for the continuousrersion(CWT).
In figure 1, we showv the wavelet transformof a randomwalk sampledecomposed
with the Mexican hat wavelet - the secondderivative of the Gaussiarkernel. From the
definition, the transformretainsall of the temporallocality properties- the positionaxis

S

2



Figurel: ContinuousNavelet Transformrepresentationf the randomwalk (Brownian process}ime series.The
waveletusedis the Mexicanhat- the secondderiative of the Gaussiarkernel. The coordinateaxesare: position
z, scalein logarithmlog(s), andthevalueof thetransformw (s, x).

is in the forefront of the 3D plot. The standardvay of presentinghe CWT is usingthe
logarithmicscale,thereforethe scaleaxis pointing ‘into the depths’of the plot is log(s).
Thethird verticalaxis denoteshe magnitudeof thetransformi¥ (s, b).

The 3D plot shavs how the wavelet transformrevealsmore and more detail while
going towardssmallerscalesj.e. towardssmallerlog(s) values. Therefore the wavelet
transformis sometimeseferredto asthe ‘mathematicamicroscope?, dueto its ability to
focuson weaktransientsandsingularitiesn thetime series.The waveletuseddetermines
the opticsof themicroscopeits magnifications variedby the scalefactors.

2.1 AssessingingularBehavioumwith the WaveletTransformation

Quite frequentlyit is the singularities,the rapid changesdiscontinuitiesand frequeny
transientsandnot the smooth,regular behaiour which areinterestingin thetime series.
Let us,thereforedemonstratéthewavelet’s excellentsuitability to addressingularaspects
of theanalysedime seriesn alocal fashion.Thesingularitystrengthis oftencharacterised
by the Holderexponent.

If thereexistsapolynomial P,, of degreen < h, suchthat

|f(z) = Pa(z = 20)| < Cla — 20", )

the supremunof all h, suchthatthe above relationholds,is termedthe Holder exponent
h(zo) € (n,n + 1) of thesingularityat zy. P,, canoften be associatedvith the Taylor
expansionof f aroundzg, but Eq. 2 is valid evenif suchanexpansiondoesnot exist 3.
The Holder exponentis thereforea function definedfor eachpoint of f, andit describes
thelocal regularity of thefunction (or distribution) f.

Let ustake the wavelettransformW (™ f of thefunction f in z = z, with the waveletof
atleastn vanishingmomentsj.e. orthogonako polynomialsup to degreen:
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/ 2™ P(x)de =0 VYm, 0<m<n.
—o0

For thesale of illustration,let usassuméhatthefunction f canbecharacterisetly Holder
exponenth(zo) in zg, andf canbelocally describeds:

f(@)g =coter(x—x0)+...+cp(z —20)" + Clz — x0|h(w°) ;

Its wavelet transformW (™ f with the wavelet with at leastn vanishingmomentsnow
becomes:

1 —
W(n)f(s,.'lj'o) = g‘/'C’|:U_;L.Olh(a:o) w(xs—m()) de
= C|3|h(wo)/|ml|h(wo) ’éb(.’L") da' .

Therefore we have the following power law proportionalityfor the wavelet transformof
the (Holder)singularityof f(zq):

W™ f(s,20) ~ |s|"(=0) .

Note: One shouldbearin mind that the above relationis an approximatecasefor
which exacttheoremsexist!'!. In particular we will restrictthe scopeof this paperto cusp
singularitiesfor which the local and pointwiseHolder exponentsare equalt?. Thuswe
will not take into consideratiorthe chirp or ‘oscillating’ singularities(e.gz%sin(1/z°))
requiringtwo exponent$:'4, Neverthelessit is sufficientfor our purposeto statethatthe
continuouswavelettransformcanbe usedfor characterisinghe cuspsingularitiesin the
time seriesevenif masledby the polynomialbias.

It canbe shawvn!? thatfor cuspsingularities,the locationof the singularity can be
detectedandtherelatedexponentcanberecoveredfrom the scalingof the Wavelet Trans-
form, alongthe so-calledmaximaline, corverging towardsthe singularity Thisis aline
wherethe wavelettransformreachedocal maximum(with respecto the positioncoordi-
nate).Connectingsuchlocal maximawithin the continuousvavelettransform'landscape’
givesriseto theentiretreeof maximalines. As we shaw in thefollowing subsectionit ap-
pearsthatrestrictingoneselito the collectionof suchmaximalinesprovidesa particularly
usefulrepresentationf theentireCWT.

Let us considerthe following setof examplesof simplesingularstructuresseefig-
ure 2a; a singleDirac pulseat D(1024), the sav tooth consistingof an integratedHeav-
iside stepfunction at 7(2048), andthe Heaviside stepfunction for S(30721), where +
denotegheright-handimit. TheHdlderexponentof a Dirac pulseis —1 by definition. For
cuspsingularitiesthe procesof integrationanddifferentiationrespectiely addsandsub-
tractsonefrom the exponent.We, therefore have h = 0 for the right-sidedstepfunction
S(3072%) andh = 1 for theintegratedstepl (2048).

Thesevaluescanalso be verified in the scalingof the correspondingnaximalines.
We obtainthe (logarithmic)slopesof themaximavaluesvery closelyfollowing thecorrect
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Figure2: Left: thetestsignalconsistingof the Dirac pulse D(1024), the changein slope- integratedHeaviside

stepl(2048),andthe Heaviside stepH(3072). Right: the log-log plot of the maxima,togethemwith their respec-
tive logarithmicdervatives, correspondingo all threesingularities: D(1024), 1(2048) andH(3072). Lines of

theoreticalslopearealsoindicated;theseare —z for D(1024), z for 1(2048) anda constanfor H(3072). The

waveletusedis the Mexicanhat.

valuesof theseexponentsseefigure 2b. This, of course,suggestghe possibility of the
estimationof the Holderexponentof cuspsingularitiesfrom the slopeof the maximalines
approachinghesesingularities. An importantlimitation is, however, the requirementor

the singularitiesto be isolatedfor this procedureto work. Note that the scalingof the
maximalinesbecomestablein thelog-log plot in figure 2 right, only below somecritical

scales.i, belov which the singularitieseffectively becomeisolatedfor the analysing
wavelet. Indeedthedistancebetweerthesingularfeaturesn thetesttime seriesn figure2

left equalsl 024, whichis in theorderof threestandardieviationsof theanalysingvavelet
at (log(serit) = 5.83 = log(1024/3). This examplelargely simplifies the issuesince
the singularstructuresare of the samesize, resultingin onecharacteristicscaleat which

they appeaiin the wavelettransform.Also, generally the scalingof the maximalinesfor

otherthanthe presentedimple exampleswill not follow a straightline evenfor isolated
singularities Still, therateof decreasef (thesupremunof) therelatedwavelettransform
maximumwill be consistentthusallowing the estimationof h.

2.2 WaveletTransformModulusMaximaRepesentation

The continuouswavelettransformdescribedn Eqg. 1 is anextremelyredundantepresen-
tation, muchtoo costly for mostpracticalapplications.This is the reasonwhy other, less
redundantepresentationgrefrequentlyused.Of coursejn goingfrom high redundang
to low redundang (or evenorthogonality) certain(additional)designcriteriaarenecessary
For our purposeof analysisof thelocal featuresof time series,onecritical requirements
thetranslatiorshift invarianceof therepresentatiomothingotherthantheboundarycoef-
ficientsof therepresentatioshouldchangejf thetime seriess translatecdby someAz.

A usefulrepresentatiosatisfyingthis requirementindof muchlessredundang than
the CWT is therepresentatiomakinguseof thelocal maximaof the WT assuggestedh
the previoussection.Suchmaximainterconnectedlongscaledorm the so-calledVavelet
TransformModulusMaxima(WTMM) representatiorseeFig. 3, firstintroducedby Mal-
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Figure3: WTMM representatioof thetime seriesandthebifurcationsof the WTMM tree.Mexicanhatwavelet.

lat'. In additionto translationinvariance the WTMM alsopossessethe ability to char
acterisdully thelocal singularbehaiour of time series asillustratedin the previoussub-
section.

Moreover, thewavelettransformandits WTMM representatiocanalsobe shavn to
be invariantwith respectto the rescaling/renormalisatioaperatiorf-2:17-14. This prop-
erty malkesit anidealtool for revealingtherenormalisatiorstructureof the (hypothetical)
multiplicative procesaunderlyingthe analysedime series.

Supposewe have the time seriesf invariantwith respectto somerenormalisation
operatiornR:

f=Rf.

The wavelettransformof f will, for a certainclassof R, in particularfor multiplicative
cascadeshow theinvariancewith respecto anoperator7 <+ R . Thiscanberecovered
from theinvarianceof thewavelettransformof F':

W) =TW(f)

andin particularfrom theinvarianceof (the hierarchyof) the WTMM tree!”>7,

2.3 Multifractal Formalismonthe WTMM Tree

The WTMM treehasbeenusedfor definingthe partition function basednultifractal for-
malism?. It usesthe momentsy of the measuredistributedon the WTMM treeto obtain
the dependencef thescalingfunctionr(g) onthe moments;:

Z(s,q) ~ s7(@),

The Z (s, q) is thepartitionfunctionof theg-th momentof themeasurelistributedoverthe
wavelettransformmaximaatthe scales considered:
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Z(s,q) = Y (W fwi(s))?, (3)

Q(s)

whereQ(s) = {w;(s)} isthesetof all maximaw;(s) atthescales, satisfyingtheconstraint
ontheirlocallogarithmicderivativein scalé®. (Thelocalslopeboundusedthroughouthis
paperis |h| < 2.)

Intuitively, sincethe momentqg hasthe ability to selecta desiredrangeof values:
smallfor ¢ < 0, or large for for ¢ > 0, the scalingfunction 7(¢) globally captureshe
distribution of the exponentsh(z) - weakexponentsareaddressedvith large negative g,
while strongexponentsare suppressedndeffectively filtered out. For the large positive
q, the oppositetakesplace(andstrongexponentsareaddressedvhile weekexponentsare
effectively filteredout).

This dependencenay be linear, indicating that thereis only one classof singular
structuresandrelatedexponent,or it canhave a slopenon-linearlychangingwith ¢. In
the latter case,the local tangentslopeto 7(¢.) will give the correspondingexponent,
i.e. h(g«), with its relateddimensionmarked on the ordinateaxis C = D(h(qg.)), where
7(g+) = h(g+)q« + C. Thesetof valuesC, i.e. dimensionsD(h(q.)) for eachvalueof
h selectedwith g, is the so-calledspectrunof the singularitiesD (k) of the fractalsignal.
Formally, thetransformatiorfrom 7(q) to D(h) is referredto astheLegendretransforma-
tion:

dr(q) _

D((h(q)) = q hq) — 7(q) -

Notethateventhoughthe methodusesthe maximatreecontainingfull localinforma-
tion aboutthe singularities this is lost at the very momentthe partition functionis com-
puted.Thereforethereis noexplicit localinformationpresentn thescalingestimatesr, i
or D, andall theseareglobalstatisticakestimatesThisis alsowherethestrengthof thepar
tition function methodlies - global averagesare muchmorestablethanlocal information
andin somecasesll thatit is possibleto obtain.

Indeed,it is generallynot possibleto obtainlocal estimatef the scalingbehaiour
otherthanin the caseof isolatedsingularstructuredrom the WT. A typical exampleof
the evolution of the maximumline alongscaleis shovn in Fig. 4a. It is not possibleto
evaluatethe slopeof the plot, not even on the selectedangeof scales. This is why we
introduced® an approachcircumventingthis problemwhile retaininglocal information -
a local effective Holder exponentin which we modelthe singularitiesascreatedn some
kind of acollective procesof avery genericclass.

3 Estimation of the Local, Effective Holder Exponent Using the Multiplicati ve Cas-
cadeModel

We have shown in the previous sectionthat the wavelet transformandin particularits
maximalines canbe usedin evaluatingthe Holder exponentin isolatedsingularities. In
mostreal life situations,however, the singularitiesin the time seriesare not isolatedbut
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denselypacled. The logarithmicrate of increaseor decayof the correspondingvavelet
transformmaximumline is usuallynotstablebut fluctuateswildly, in additionoftenmaking
estimationimpossibledueto divergenceproblemswhen the value of the WT alongthe
maximumline approachegero.
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Figure4: Left: it is impossibleto evaluatethe scalingexponentfor an arbitrarymaximumline participatingin

acomple process:a reallife exampleof a maximumline. Right: the local effective Holder exponentestimate
takesthe effective differencein the logarithmof the densityof the processwith respecto the logarithmof the
scaledifferencegainedalongthe procesgath.

As aremedyfor the problemof diverging maximavaluesin log-log plots,we usedthe
procedureof boundingthe local Holder exponent? to pre-processhe maxima. The crux
of the methodlies in the explicit calculationof the boundsfor the (positve andnegative)
slopelocally in scale. The partsof the maximalines for which the slope exceedsthe
boundsimposedare simply not consideredn the calculations!®. For example,compare
in figure 2 the examplelog-log slopesabove thecritical scales..;:, wherethe singularities
canno longerbe consideredasisolated. In particular notethatthelocal slopenearscale
log(s) = 6 andlog(s) = 7 reachestco. Suchdiverging slopesare thresholdedand
removed by applyingthe boundingprocedure.n this exampleandthroughouthis paper
weuse|h| < 2 boundon thelocal slopef of eachmaximum.The outputof this procedure
is, therefore,the set of non-diverging valuesof the maximalines correspondingo the
singularitiesn thetime series.

In figure 5, we shov the effect of the procedureon the distribution of the maxima
valuesfor afixedscales = 5, for afractionalBrownian motion (fBm) recordwith H=0.6.
Theunboundediistribution hasa Gaussiarshapeasexpectedwhich shavs asa parabola
in thelogarithmicplot in 5a. Boundinglocal slopesto |4| < 2 resultsin arapid decayof
smallvaluesof maximatowardsthelimit of 0 value,seethefilled histogramthusmaking
negative momentswell defined.® In figure 5b, we verify in log-log coordinateghatthe
decayof thesmallvaluesfollows a power law.

Evenwith thediverging partsof the maximaremoved,generallyit is still not possible
to obtainlocal estimate®f the scalingbehaiour otherthanin the caseof isolatedsingular
structuresTypically, seefigureda,theWT maximavaluesstronglyfluctuate with thelocal
slopechangingrom pointto point. While it is not possibleo evaluatethe slopeof theplot,
notevenontheselectedangeof scalesthefluctuationsactuallycarryinformationveryrel-

2Note thatremawving the diverging maximapartsis only necessaryor the partition function method,not for
theeffective HolderexponentandtherelateddirectspectraSincewe wantto comparehetwo, we preprocesthe
datain thesameway.
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Figure5: Left: distriution of WT valuesof fBm of H=0.6with andwithout local slopeboundingin log-normal
coordinatesRight: boundedistribution in log-log scale.Bound|h| < 2, scales = 5. Sampleength16386.

evantto thescalingpropertieof the processinderlyingtheorigin of theinputtime serieg.
As mentionedabove, the WT hasthe ability to capturethe renormalisatiomprocesghypo-
thetically) pertinentto thetime seriesanalysed Thebehaiour of themaximalinesclosely
follows both the hypotheticalproduction(multiplicative) rule andits branchingprocess.
Basedon this, a local effective Holder exponentapproactasbeensuggested], to provide
amodel-basedpproximatiorof the local scalingexponent,i.e. singularitystrength.The
modelusedis exactly of the type which canbe revealedby the WT - the multiplicative
cascaderocessa straightforvardgeneralisatiomf the binomialmultiplicative process.

3.1 Multiplicative CascadeéModel

Let ustakethewell-known exampleof theBesicwitch measurentheCantorset®. Theset
of transformationsB;, i € {1,2} describingheBesicwitch constructiorcanbeexpressed
as:

z + b;
Ci

B; f(z) =pi f( )

with thenormalisatiorrequirement:

prtp=1. (4)

Additionally, we put conditionsensuringnon-overlappingof thetransformations:

1+0 0+1b
L =+ b2
C1 Co

while all therespectie valuesb; /c1, bz /ca, e, c; * arefrom theintenal (0, 1).

For equalratios,p; = p» = 1/2 ande¢; = ¢2 = 3 with b; = 0 andb, = 2, werecover
themiddle-third,homogeneoudistribution of the measuren the Cantorset. We have the
non-homogenousnultifractal Besicaiitch measurdor non-equap;, seeFig. 6a. Finally,
for non-equabp;, regardlesf the normalisatiorEq 4 andwith ¢; = ¢2 = 2 withb; = 0
andb, = 1, we have themultiplicative cascad®n (0..1)interval, seeFig. 6b.
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Figure6: Left: theBesicaiitch measur@nthe Cantorset,generationg’y throughFs andthegenerationfs. The
distribution of weightsis p; = 0.4 andps = 0.6. Thestandardniddlethird Cantordivision is retained.Right:
similar constructiorbut on 0..1supportinsteadof the Cantorset,leadingto multiplicatve cascadep; = 0.3 and
p2 = 0.7, generationfy 3.

Eachpointof thiscascadés uniquelycharacterisedy thesequencef weights(s; ...s;,)
taking valuesfrom the (binary) set{1, 2}, andactingsuccessiely alonga uniqueprocess
branchleadingto this point. Supposehat we denotethe density of the cascadeat the
generatiorevel F; (i runningfrom 0 to max) by x(F;), we thenhave

E(Fmaw) = DPsy -+ Psp E(FO) = PII«‘;(‘)MM R(FO)

andthelocal exponentis relatedto the productPl,{“;’"” of theseweights:

WP log(Pg)’"”) .
e Tog{(1/2m0%) ~ Tog((1/2)")

In ary experimentabituation theweightsp; arenotknown andh,; hasto beestimated.
Thiscanbesimply doneusingthefactthatfor themultiplicative cascad@roces®f thekind
just describedthe effective productof the weightingfactorsis reflectedin the difference
of logarithmicvaluesof thedensitiesat Fy andF,, ., alongthe processranch:

pfo  — log(k(Fmaz)) — log(k(Fo)
Fmae = log((1/2)me) —log((1/2)°)

Thedensitiesalongthe procesdranchcanbe estimatedvith the wavelettransform,using
its remarkableability to reveal the entireprocesdree of a multiplicative process. It can
beshavn thatthedensities«( F;) canbeestimatedrom thevalueof thewavelettransform
alongthe maximalines correspondindo the given processbranch. The estimateof the
effective Holder exponentbecomes:

Bs;“- _ log(wapb(slo)) - log(wapb(Shz’))
Sio .
log(sio) — log(shi)
10
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Figure7: Left: the projectionof the maximalinesof theWT alongtime. Themeanvalueof the Holderexponent
canbe estimatedrom the log-log slopeof theline shavn. Also, the beginning of the cascadet the maximum
scalesy,; is indicated.Right: themaximaat the smallestscaleconsideredreshavn in the projectionalongtime.
The effective Holder exponentcanbe evaluatedfor eachpoint of the maximumline at s;, scale. Two extremal
exponentvaluesareindicated for minimumandmaximumslope.

whereW fwp;(s) is thevalueof thewavelettransformat the scales, alongthe maximum
line wy, correspondingo the givenprocesdranch.Scales;, correspondsvith generation
F,,..., While sp,; correspondsvith generationfy, seeFig. 4.

For the estimationof h, we needs; andW fwp;(spi). We can,of course pick ary
of therootsof the sub-tree®f the entiremaximatreein orderto evaluateexponentof the
partial procesor sub-cascadeBut for the entire sampleavailablewe mustusethe entire
treeandfor this purposewe canonly do aswell astakingthe sampleengthto correspond
with Shis i.e.:

shi = ssr = log(SampleLength) .
Unfortunatelythewavelettransformcoeficientsatthis scaleareheavily distortedby finite
sizeeffects. Thisis why we estimatehevalueof W fwp;(sp:) usingthemeanh exponent.

3.2 Estimationof the MeanH®older Exponent

For a multiplicative cascadeprocessa meanvalue of the cascadeat the scales canbe
definedas:

Mo =224, ©

wherethe Z(s, q) is the partitionfunction, Eqn 3 of the ¢-th momentof the measuralis-
tributedoverthewavelettransformmaximaat the scales considered.

This meangivesthe direct possibility of estimatingthe meanvalue of the local Holder
exponentasa linearfit to M:

log(M(s)) = hlogs +C . (6)
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We will not, hawever, usethe definition 5 sincewe want the Holder exponentto be the
local versionof the Hurstexponent.This compatibilityis easilyachiezedwhenwe take the
secondnomentin the partitionfunctionto definethemeanh':

Thereforewe estimateour meanHolderexponenth’ from Eq. 6 substitutingM with M'.
The estimateof the local Holder exponent,from now on to be denotedh(zg, s) or just ,
now becomes:

log(W f(s10)) — (B log s + C)
log(si,) — log(sst) )

pssL
o~
hSla -

4 Employing the Effective Holder Exponentin Local and Global SpectraEstimation

An estimatedocal fz(wo,s) canbe depictedin the temporalfashion,for examplewith a
backgrouncdcolour, aswe have donein figure 8. The first exampletime seriesis a com-
puter generatedsampleof fractional Brownian motionwith H = 0.6. It shows almost
monochromatidehaiour; centredat H = 0.6 the colour greenis dominant. Thereare,
however, severalinstanceof darker greenandlight blue, indicatinglocally smoothcom-
ponents.

The secondexampletime seriesis a recordof the S&P500 index from the time pe-
riod [1984-1988].Therearesignificantfluctuationsn colourin this picture,with thegreen
colourcentredat H = 0.5, indicatingboth smootherandroughercomponentsin partic-
ular, onecanobsene an extremalred valueat the '87 crashcoordinate followed by very
roughbehaiour (a ratherobvious fact, but to the bestof our knowledgenot reportedto
datein therapidly growing coverageof this time seriesrecord°.

Thethird exampleis areallife biologicaltime seriesandcomesfrom aphids.This is
thetemporakecordof electricalresistancea ‘penetratiogram’reflectingthe penetratiorof
thetongueof theaphidthroughthe plantcell wall. We attemptto characteris¢hedifferent
regionsof thetime seriesyisible asanumberof hierarchicalpits’ of certaindepthswithin
the signal. With greenfocusedat the meanHurst exponentd = 0.5, the resultquite
corvincingly shaws the patchydifferencein characterisationf the pits at (two) different
levels of pit hierarchy Stripesof a differentcolour spectrumindicatea high level of non-
stationarityof h distribution. Notethatthe obviousamplitudedifferencedoesnotinfluence
the colourin the plot duethe factthat constaniffsetis filtered out by the waveletused-
thecolouris dueto agenuinedifferencen thelocal scalingexponent.

Thelastexampleshavs arecordof heartbeaintervalsrecordedrom a healthyhuman
heart. Contraryto the two previous exampleswhich shov a high degreeof localisation
(or non-stationaritypf the exponentstrength this plot shavs anintricate structureof in-
terwoven singularitiesat variousstrengths. This behaiour hasbeenrecentlyreported
to correspondvith the multifractal behaiour of the heartbeat. The greenis centredat
h =0.1.

Note thattheseexamplesareonly meantfor illustrationpurposesA detaileddiscus-
sionof theimplicationsof thelocal h analysisappliedwill appeakelsavhere.
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4.1 Log-histagramsof the EffectiveHolder Exponent

Let usfor now, insteadof selectingoneﬁe(s) valuebandacrossscalesand analysingits
scaling,groupthe estimatedocal scale-wise(zo, s) into histogramdgor eachscalevalue,
usingbin sizee centredat h.

Wewill analysehistogramf &, takingthelogarithmof themeasurén eachhistogram
bin. This conseresthe monotonicityof the original histogram but allows usto compare
the log-histogramswith the spectrumof singularitiesD(h). Thereis a directcorrespon-
dencebetweerpur log-histograms&ndthe D(h) throughthe scalingof the measureu. (s)
in the bin of sizee of the histogram. Estimationof the rate of growth of this measure,
would in factbe anidenticalprocedureto the scalingestimatefor eache wide bandof 4,
asdiscussedh the previoussubsection.

Thereis, however, a substantiabmountof informationin the log-histogramat a par
ticular scalewhich can be analysedwithout performingthe scalinganalysis. The log-
histogramshaws the relative probability density of the Hdlder exponentper scale. As-
sumingthat the scalingof log-histogramis linearin log-log scale,the shapeof the log-
histogramremainsinvariantacrossscalesand cornvergestowardsthe shapeof the D(h),
exceptfor ‘normalisation’of the maximumof P(ﬁ), which correspondsvith thescalingof
thezerothmomentin the partitionfunctionmethod.(Notethatthe scalingassumptiorcan
be verified both by analysingthe scalingof the momentsand by the scalingof the A bin
contentsvhichwill bedonein thefollowing subsection.Jhisis why in figure9, we shov
thenon-normalisedhistogramdor differentscalevalues,andcomparehemto the D,,, (h)
spectrunobtainedwith the partitionfunctionmethod.

For threeexampletime serieswe show in figure9 log-histogram®f theexponentfz at
differentscales Thetime seriesonsideredreawhite noisesampleafractionalBrownian
motion with H = 0.6, and a recordof the S&P index. Startingat the top, the row of
histogramss madefor the scalelog(s) ~ 3.9, followedby histogramdor log(s) ~ 1.6.
The upperhistogramsshov considerabldragmentation. Several modesbecomevisible
andfor all the scalesabove this scale,the fluctuationswill dominatethe distribution and
consistenstatisticalbehaiour will becomedispersed On the contrary while descending
in scale,the bulk of consistentehaiour corvergesto onedistribution. The consistent
statisticalbehaiour is also capturedin the D,,(h) spectrumobtainedwith the partition
functionmethodshawn in the bottomrow of figure 9.

Severalaspect®f the D,,, (k) versusP(h) alreadydiscussedby other$2:23:24 arevis-

~

ible in theplots. The P(h) evidently containamoreinformationthanD,, (), in particular
D, (R) is acorvex hull overthe P(h). Thisis particularlyvisible in the secondandthird)
sample,wherea pair of extremal h values,disconnectedrom the distribution, corrupts
the D,,,(h) spectrum.It canbe verified throughanalysingthe correspondingnaximathat
thesevaluesarethe endof the sampleartifactsandthusdo not belongto the distribution.
Suchmaximacan,of course peremovedprior to D,, (h) evaluation but we keptthemfor

the purposeof illustration:the P(h) evidently shovsthatthesevaluesdisconnecfrom the
bulk of thedistribution, while D, (k) is inherentlyunableto do so.
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Figure9: Two setsof & histogramsfor respectie scaleslog(s) ~ 3.9, log(s) ~ 1.6, in top first andcentre
row. Below, in the bottomrow, the Dy, (h) spectrumobtainedwith the partition function method(moments
—5 < g < 5). Left column: for 4096 sampleof white noise. Centre: 4096 sampleof fractionalBrownian
motionwith H = 0.6. Right: S&P 500inde, first 4096samplesrom figure 8. Local slopeboundsfor all the
plots|h| < 2.

4.2 Scale-wiséevolutionof the EffectiveHodlder Exponent

In additionto onescaleplot shoving the colour spectrumof singularbehaiour, we can
alsoseethescalepositionlocationswherethe effective Holderexponents nearaparticular
value.We shav anexamplebandof &, (s) of widthe = 0.02, by selectingh = —0.5 £+ 0.01
in figure10afor therecordof white noise.Thenumberf locationghatfall within theband
rangevisibly grows with scaleandthis growth determineshe dimensionD () which can
be associateavith the particularﬁ, atthebandresolutione.

SuchD(h) canbeestimatedor the entirerangeof h, resultingin the so-calledspec-
trum of singularities It is a standardvay of visualisingthedistribution of singularities- it
givesthe (fractal)dimensionD (h) of the supportingsetof singularitiesfor eachexponent
valueh in thetime series.

: , o log(pe(h(si0)))
D(h) =d s Tf(x — ~ |z — 2ol ME0)Y  lim lim —=e\\ole)))
(k) = dim({zo} : Tf(w =m0) ~ |o = mo[ ") ~ limy lim =5 ° 2 ==
wherep. is themeasuref thetotal numberof locations(selectednaxima)thatfall within
thebandof sizee ata particularscalelocations;,,.
Oneadditionalmodificationto the schemas thelinearcorrectiononthee bandwidth.
It is meantto compensatéor the decreasingcalerangewhenshorterscalespansarecon-
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Figure10: Left: WTMM representationf a sampleof white noise. The maximaare highlightedwherethe
effective Holder exponentreaches particularvalueof A = —0.5 + 0.01, i.e. ¢ = 0.02. Right: for three
valuesof the bandwidth e = 0.01, ¢ = 0.02, ¢ = 0.05, thelogarithmof the sumof the highlightedmaximais
shawn for eachscalewith respecto thelog(s) axis. Consistenscalingof —1 rateis shavn for supremum of
e = 0.02 plot.

sidered.Thee,,,q usedfor thecalculationof thespectras thuse,,.oq 10g(si0/ shi)-

~

ThedimensionD (k) is evaluatedin the standardvay from the scalingof thelog-log
plot, asin figure 10b Obviously the width of the bandof the exponentsis a parameter
of choice,(is subjectto arbitrarychoice)but this doesnot affect the slopeof the log-log
line within the realisticrangeof the e. Threeexamplelog-log plots for threevaluesof
€ = 0.005, ¢ = 0.01, ¢ = 0.025, areshavn in 10b The slopeof thelog-log plot remains
practicallyindependenbf the bandwidth, this is especiallytrue towardsthe small scale
limit. The vertical shift in log-log plotsis of coursedueto the decrease/increasd the
maximapointswithin the selectedbandwith its width decreased/increase8imilarly the
varianceof thelog-log plot visibly increasesvith the decreasindpandwidth.

4.3 DirectSpectafromthe(Bandsof) the EffectiveHolder Exponenbnthe WTMMTree

Calculation/galuationof direct spectrafrom the e bandsof the Holder exponentsimply
accountgor coveringthe entirerangeof the local effective Holder exponentsietectecbn
the maximatree. In figure 11, we shav the entire D(h) spectraevaluatedfor the white
noisesampleof 16k lengthandfor therecordof healthyhumanheartbeaintervalsof equal
length. We usedthe bandwidth of e = £0.01. Thewidth of the spectrumof white noise
is non-zero,asis inevitable for thefinite lengthsample;still the heartbeasampleclearly
shaws a considerablyvider spectrumgonfirmingrecentlyreportedindings’.

Dueto thefactthatit relieson selectinga very narrav bandof exponentsthis proce-
dureis, however, inherentlysensitve to the choiceof parametersuchasthe bandwidth
andthe densityof samplingof the scaleaxis. While the latter equallyaffectsthe partition
functionmethod,it doesnot poseary seriouslimitation sinceit canbe increasedat will,
only addingto computatiorcosts.In the caseof the bandwidth ¢, only inherentto the di-
rectmethodwewould, however, needto beassureaf someelementarylegreeof stability.
The experimentsndicatethatthe spectrunobtainedremainsstablefor a wide choiceof e
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Figurell: Themultifractalspectruntalculatedirectly from the scalingof thehistogranof theHolderexponent
onthemaximatree. Left for thewhite noise right for the heartbeaintenals record.Bandwidth 0.01.

withoutlossof quality. An exampleis shavn in figure 12 left, wherespectraarecalculated
with € = 0.02, ¢ = 0.01, ¢ = 0.005.
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Figure12: Left: the directmultifractal spectrumshaws reasonablstability with respecto variedbandwidth e.

Shawn areoverlappedcases = 0.02, e = 0.01, ¢ = 0.005. Right: thedirectmultifractal spectrunof thefBm

sampleof H=0.6is not corruptedby the‘outliers’ - theendof thesamplesingularitiesasis the standardartition
functionmethodspectrunincludedfor comparison.

At the costof the slightly lower stability, we obtainthe advantage®f the directspec-
trumcalculation.Thespectrunbettercapturedocalvariationsn thescalingof theh bands,
wherethe partition function methodprovidesonly rough, ‘outline’ informationaboutthe
D(h) spectrumIn particular the partitionfunctionspectruntanbedramaticallycorrupted
by outliers(e.g. theendof the samplesingularitiesyesultingfrom the lineartrendpresent
in the sample). The direct methodseemsto be muchlessproneto suchbehaiour. An
experimentalverification of this is shovn in figure 12. Both typesof spectraare calcu-
latedfor the 16k recordof slightly correlatedBm of H=0.6. This samplecontainssome

effective lineartrendin it, which resultsin the‘trivial’ endof the samplesingularitiessee
figure9 top. The partitionfunctionmethodis inherentlyunableto distinguishthesesingu-
larities,resultingin awide spectrumwhich caneasilybe suspectedf beingmultifractalin

origin. Onthecontrary the directspectrunguickly falls away for singularitiedower than
H =0.6.
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4.4 DirectSpecta fromthe (Bandsof) the EffectiveHdlder Exponenbnthe Entire CWT

We have alreadymentionedthatthe procedureof directestimationof D(B) is inherently
unstabledueto selectinga very narrav bandof exponentsandthusa small subsebf the
maximalines per scalelevel. This is thereasonwhy it providesconsiderablyessstable
scalingestimateshanthepartitionfunctionmethodwhichis actuallyatthe otherextreme,
takingall the maximaasthe supportfor the measuref whichthe momentsarecalculated.

" profdhist.dat u2:4 —— " bin=0.0015'u2:4 ——

“profddim.dat’ u 2:4 1 s bin=0.003" u 2:4
profddim.dat’ u 2:4:5:6_s-x ey bin=0.003" U 2:4:5:6

08 | ¥ i”é‘r bin=0.015' u 2:4
%, bin=0.0. 2:4:5:6

Fg \ 4 ke 3
0.8 £/ \ I o g hin=0.03" u 2
7 \ % o6 1§ & ? bin=0.03' u 2:4:5:6 —=—

-0.4 -0.2 0 0.2 0.4 0.6 08 1 -0.4 -0.2 0

Figurel3: Left: themultifractalspectruntalculatedirectly fromthescalingof thee bandof theHdlderexponent
ontheentireCWT ascomparedvith thesameonthe WTMM treeonly. While theleft partof thespectrunshavs
similar behaiour, the right part relatedto smoothbehaiour departslargely from the WTMM case,possibly
capturingsomemissinginformation. Right: CWT directspectrashav very goodstability with respecto varied
bandwidth e. Shavn areoverlappecdtases = 0.03, e = 0.015, ¢ = 0.006, ¢ = 0.003, ¢ = 0.0015. Notethe
smallerh rangeused.

It seemspossibleto take a middle pathin orderto calculatemorestablescalingesti-
matesof the D(h) in thedirectway from the scalingof the ‘selected’maximaparts. This
canbe doneby weightedselection?! replacingthe histogrambox centredatﬁ andof e
width, with a smooth,sayGaussiankernelof e standardieviation, centredat h. We have
attemptedhis in a slightly differentway, makinguseof the redundaninformationcon-
tainedin the original CWT (as opposedo the WTMM usedthusfar). The comparison
of the directspectraobtainedwith bothWTMM andthe CWT suggesthatthe CWT may
containsomeinformationlackingin the WTMM, this is especiallyevidentin the smooth
partof the spectrum.Indeed the maximalines primarily restrictthe representatioto the
strongestuspsingularities,potentially leaving out the intermediateyelatively smoother
behaiour. The CWT direct spectrashav excellent stability with respectto the ¢ band
width variation. In figure 13, we went down to spectaculae = 0.0015 resolutionand
obseredthe mainbodyof the spectrunconseredwith only the backgrounchoiseslowly
increasing.

5 Conclusions

We have presenteda methodof estimatingan effective Holder exponentlocally for an
arbitraryresolution.The methodis motivatedby the multiplicative cascadgaradigmand
implementedon the hierarchyof the wavelet transformmodulusmaximatree. Contrary
to the intrinsically unstablelocal slope of the maximalines, this estimateis robust and
providesastable effective Holderexponent)ocalin scaleandposition.
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We have presented numberof reallife examplesusingthis local exponentestimate.
The colour exponentpanelsincludedshow the intricate scale-freestructureof the time
series.Theexactimplicationsof this structure of coursedependn theapplication.

In addition,we have illustratedthe possibility of the direct estimationof the scaling
spectrunof theeffective Holderexponentandlinkedit to the establishegbartitionfunction
multifractalformalism. Almost asstableasthe global scalingestimategrom the partition
functionsmethod,the direct histogramof the effective Holder exponentprovidesconsid-
erably more information aboutthe relatve densityof local scalingexponents,and may
prove to be aninterestingalternatve in multifractal spectraestimation. In particulay we
have consideredhe direct estimationof the singularity spectrafrom the entire CWT. In
addition,to improvedstability, thesespectracanpossiblyrevealmorecompletesingularity
contentsn comparisonsvith WTMM basedspectra.
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